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Abstract 



In this paper we study some problems related to a vertical Liouville distribution 
on the cotangent bundle of a Cartan space. We study the cohomology of c-indicatrix 
cotangent bundle and the existence of some linear conections of Vranceanu and Vais- 
man type on Cartan spaces related to foliated structures. Also we identify a certain 
(n, In — l)-codimensional subfoliation (JV,-^C*) on T*Mo given by vertical foliation 
J-'v and the line foliation Tc* spanned by the vertical Liouville-Hamilton vector field 
C* and we give a triplet of basic connections adapted to this subfoliation. 
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1 Introduction and preliminaries 
1.1 Introduction 

The study of interrelations between the geometry of foliations on the tangent manifold of 
a Finsler space and the geometry of the Finsler space itself was initiated and intensively 
studied by Bejancu and Farran [9]. The main idea of their paper is to emphasize the 
importance of some foliations which exist on the tangent bundle of a Finsler space (M, F), 
in studying the differential geometry of (M, F) itself. On the other hand in a very recent 
paper [3] a similar study of some natural foliations in cotangent bundle T*M of a Cartan 
space (M, K) is given. It is shown that geometry of these foliations is closely related to 
the geometry of the Cartan space (M, K) itself. This approach is used to obtain new 
characterizations of Cartan spaces with negative constant curvature. 

The aim of our paper is to continue the study of these foliations on the cotangent 
bundle of a Cartan space (M, K) from more points of view as: the cohomology of c- 
indicatrix cotangent bundle, the study of some linear conections of Vranceanu and Vais- 
man type on Cartan spaces related to foliated structures, the study of a certain (n, 2n—\)— 
codimensional subfoliation {Ty^J-c*) on T*Mq given by vertical foliation Fy and the line 
foliation Fc* spanned by the vertical Liouville-Hamilton vector field C* and the existence 
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of a triplet basic connections adapted to this subfoliation. The notions are introduced by 
analogy with similar notions on the tangent manifold of a Finsler space. 

The paper is organized as follows: In the preliminary subsection we briefly recall 
some basic facts on the geometry of a Cartan space (M, K) and we present the almost 
Kahlerian model {T*Mq, G, J) of the cotangent manifold T*Mq = T*M — {zero section} 
together with the Riemannian metric G given by Sasaki type lift of the fundamental 
metric tensor g^^ = ^ Op^p ^'^'^ with the natural almost complex structure J. In the 
second section, following an argument inspired from [7], we define a vertical Liouville 
distribution Cc* on T*Mq as the complementary orthogonal distribution in the vertical 
distribution V{T*Mq) to the line distribution spanned by the vertical Liouville-Hamilton 
vector field C* = Pi-^ and we prove that the distribution Cc* is an integrable one. Also, 
we find geometric properties of both leaves of vertical Liouville distribution Cc* and the 
vertical distribution V{T*Mq). We notice that the vertical Liouville distribution Cc* will 
be an important tool in study of future problems in this paper. In the third section, using 
the vertical Liouville-Hamilton vector field C* and the natural almost complex structure 
J on r*Mo, we give an adapted basis in T{T*Mq). Next we prove that the c-indicatrix 
cotangent bundle I{M, K){c) of {M,K) is a C-R-submanifold of the almost Kahlerian 
manifold {T*Mq, G, J) and we study some comological properties of /(M, K){c) in relation 
with classical cohomology of Ci?-submanifolds, [13]. In the fourth section, following 
some ideas from [8] , we investigate the existence of some linear connections of Vranceanu 
and Vaisman type on a Cartan space, related with the vertical and Liouville-Hamilton 
foliations on it. In the last section, following [15], we briefly recall the notion of a (?2)- 
codimensional subfoliation on a manifold and we identify a (n, 2n — l)-codimensional 
subfoliation {J^v^J'C*) on the cotangent manifold T*Mq of a Cartan space (M, K), where 
J-y is the vertical foliation and J-c* is the line foliation spanned by the vertical Liouville- 
Hamilton vector field C*. Firstly we make a general approach about basic connections 
on the normal bundles related to this subfoliation and next a triple of adapted basic 
connections with respect to this subfoliation is given. A similar study on the tangent 
manifold of a Finsler space {M,F) is given in |18j . 

1.2 Preliminaries and notations 

In this subsection we briefly recall some basic facts from the geometry of a Cartan space 
{M,K). For more see [13 [201 El E3] • 

Let M be an n-dimensional C°° manifold and vr* : T*M — > M its cotangent bundle. If 
(x*), i = 1, . . . ,n are local coordinates in a local chart U on M, then {x^,pi), i = 1, . . . ,n 
will be taken as local coordinates in the local chart (-7r*)~^(C/) on T*M with the momenta 
(pi) provided hy p = pidx'' where p € T*M, x G M and {dx^} is the natural basis of T*M. 
The indices k, . . . will run from 1 to n and the Einstein convention on summation will 
be used. A change of coordinates on [/ n ?7 ^ given by {x^,pi) i— ?• {x^,pi) has the form 




(1.1) 
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where ^§fr^ is the hiverse of the Jacobian matrix (^^j 

Let us consider | ^|,i = l,...,n the natural basis in T(^x^p-j{T* M) and {dx*, dpi} 
the dual basis of it. The change of coordinates (jl.ip produces the following changes: 

d dx^ d dpj d d dx^ d 
dx^ dx^ 5x* dpj ' dpi dx^ dpj 

and 

dx^ ■ dx-^ d'^ x^ u 

dx' = j—rdx^ , dpi = -T^dpj + r.~ir.~f, Pjdx . (1.3) 
ox^ ax* ox^ox'^ 

The kernel V(a;^p)(r*M) of the differential dn* : T(^,-^^p^{T* M) — ?> T^M is called the vertical 

subspace of r(^. p)(T*M) and the mapping {x,p) i-^- V(a. p)(r*M) is a regular distribution 

on T*M called the vertical distribution. This is integrable and defines the vertical foliation 

Tv with the leaves characterized by = constant and it is locally spanned by {|-}. 

The vector field C* = Pi^ is called the vertical Liouville- Hamilton vector field and 
Lo = pidx^ s called the Liouville 1-form on T*M. Then Q = duj = dpi A dx^ is the 
canonical symplectic structure on T*M. For an easer handling of the geometrical objects 
on T*M it is usual to consider a supplementary distribution to the vertical distribution, 
{x,p) I— 7- H(^x^p)(T*M), called the horizontal distribution and to report all geometrical 
objects on T*M to the decomposition 

r(,,p)(r*M) = H^,^p){T*M) e V^,^p){T*M). (L4) 

The horizontal distribution is taken as being locally spanned by the local vector fields 

The horizontal distribution is called also a nonlinear connection on T*M and the functions 
Nij are called the local coefficients of this nonlinear connection. It is important to note 
that any regular Hamiltonian on T*M determines a nonlinear connection whose local 
coefficients verify Nij = Nji. The basis l^fi! ^| is adapted to the decomposition ()1.4p . 

The dual of it is {dx^,Spi := dpi — Njidx^}. 

According to [23] a Cartan structure on M is a function K : T*M — )• [0, oo) which has 
the following properties: 

i) K is C°° on T*Mo := T*M - {zero section}; 

ii) K{x, \p) = XK{x,p) for all A > 0; 

iii) the nxn matrix where g^^ = ^ Qp^p. , is positive definite at all points of T*Mq. 
We notice that in fact K{x,p) > 0, whenever p 0. 
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Definition 1.1. The pair (M,K) is called a Cartan space. 



Let us put 

' (1.6) 

2 dpi ' idpidpjdpk 

The properties of K imply that 

f = g'hj , Pi = g^,P^ , = g'h^P, = pip' , c'^'^Pk = c'^'Pk = c^'hk = o, (i.7) 

where {gij) is the inverse matrix of {g^^). 

One considers the formal Christoffel symbols by 



and the contractions 7^fc(2;,p) := 'yji^{x,p)pi, 7^q := Jji^PiP^- Then the functions 

Nij{x,p) = 7° (x,p) - l-/ho{x,p)^{x,p), (1.9) 



define a nonlinear connection on T*M. This nonlinear connection was discovered by R. 
Miron [21] and is called the canonical nonlinear connection of (Af, K). We also notice that 
the coefficients from p.9|) satisfies Nij{x,p) = Nji{x,p) and are positively homogeneous 
of degree 1 in momenta. For details we refer to Ch. 6 in [23]. Thus a decomposition ()1.4p 
holds. From now on we shall use only the canonical nonlinear connection given by (|1.9|) . 

To a Cartan space (M, K) we can associate some important geometrical object fields 
on the manifold T*Mq. Namely, the A^-lift G of the fundamental tensor g^^ , the almost 
complex structure J, etc. If is the canonical nonlinear of (Af , K), thus (G, J) determine 
an almost Hermitian structure, which is derived only from the fundamental function K 
of the Cartan space. 

The A^-lift of the fundamental tensor field g^^ of the space (Af, K) is defined by 

G = gijdx^ (g) dx^ + g''^5pi (g) 6pj (1-10) 
and there is a natural almost complex structure J on T*Mq which is locally given by 

' = -^-|- ^ + ^ ' ^ (^) = ' ^ (|-) = (^-^^^ 

Thus, according to [23] . {T*Mq, G, J) has a model of almost Kahlerian manifold with the 
fundamental form Q given by ^}{X,Y) = G{ JX,Y) and locally expressed by 

n = 6pi A dx^ = dpi A dx\ (1.12) 
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2 A vertical Liouville distribution on T*Mq 

Following an argument inspired from [7] we define a vertical Liouville distribution on T*Mq 
as the complementary orthogonal distribution in V{T*Mq) to the line distribution spanned 
by the vertical Liouville-Hamilton vector field C* and we prove that this distribution is 
an integrable one. 
By dTZI) we have 

G{C*,C*) = K^. (2.1) 
By means of G and C* , we define the vertical one form C by 

({X) = ^G{x, c*)yx e r{v{T*Mo)). (2.2) 

K 

Denote by {C*} the line vector bundle over T*Mq spanned by C* and define the Liouville 
distribution as the complementary orthogonal distribution Cc* to {C*} in V{T*Mq) with 
respect to G. Hence, Cc* is defined by C, that is we have 



r {Cc) = {Xe T{V{T*Mq)) : Q{X) = 0}. (2.3) 
d 



Thus, any vertica vector field X = Xij^ can be expressed as follows: 



X = PX + ^CiX)C*, (2.4) 
K 

where P is the projection morphism of V{T*Mq) on Cc*- By direct calculations, we 
obtain 

G{X, PY) = G{PX, PY) = G{X, Y) - C(X)C{Y), VX, y € T{V{T*Mo)). (2.5) 

Then the local components of ( and P with respect to the basis {6p.} and {Sp. ® |-}, 
respectively, are given by 

c = ^^p; = s]-% (2.6) 

where 5j are the components of the Kronecker delta. 

Theorem 2.1. The Liouville distribution Cc* is integrable and it defines a foliation on 
T*Mq denoted by Tc* ■ 

Proof. Let X,Y e T{Cc*)- As V{T*Mo) is an integrable distribution on T*Mo, it is 
sufficient to prove that [-^,5^] has no component with respect to C* . 

It is easy to see that a vertical vector field X = Xi-^ is in F (Cc*) if and only if 

g'^X.p, = 0. (2.7) 
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Differentiate ()2.7p with respect to pk we get 



ij av 
Xipj + g^'Xi + g'^jr^Pj = 0,yk = l,...,n (2.8) 



OPk opk 

dpk 



and taking into account the relation ^—Pj = (see ()1.7p ). one gets 



dX 

g'^X, + g'hjjr^ = , V A: = 1, . . . , n. (2.9) 

OPk 



Then, by direct calculations using ()2.9|) . we have 



G([X,y],C*) = 9%,{^Xk-'^Yk) 



= -g^'YiXk+g'^'XiYk 
= 

which completes the proof. □ 

Based on the above results, we may say that the geometry of the leaves of J-y should 
be derived from the geometry of the leaves of J-c* and of integral curves of C* . In order 
to get this interplay, we consider a leaf Fy of Fy given locally by = a*, i = 1, . . . , n, 
where the a*'s are constants. Then, g^^{a,p) are the components of a Riemannian metric 
Gpy on Fy. Denote by V the Levi-Civita connection on F with respect to Gpy and 
consider the Christoffel symbols C/*^ of V. Then we obtain the usual formula for C^^, 
namely 

Cf (a,p) = -\g,,{a,p)^{a,p) = g,s{a,p)C'^\a,p), (2.10) 
2 opj 

where gis{a,p) are the entries of the inverse matrix of the n x n matrix {g^^{a,p)) ■ Con- 
tracting ()2.10p by pj , we deduce that 

Ci\a,p)pj=0. (2.11) 

By straightforward calculations using (|2.1ip . ()2.5p and ()2.6p . we obtain the covariant 
derivatives of C*, C and P in the following lemma: 

Lemma 2.1. Let {M,K) be a Cartan space. Then, on any leaf Fy of J-y, we have 

{VxC)Y = ^G{PX,PY), (2.13) 

and 

(VxP) Y = -^ [G{PX, PY)C* + KCiY)PX] (2.14) 
for any X,Y eT{TFv). 
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Proof. Indeed, if we take X = Xi-^^, Y = Yj-^ e T (TFy) the relation (E7l2\\ it follows 
by: 

- 1(^-^)1-- 

For the relation (|2.13p we have 

(VxC) Y = XiCiY)) - C (VxY) = X,Y,^ = ^ { 9 

and 



dC^ ^ X,Y, f p^f 
^ dpi K y 



-G{PX,PY) = ^(g-i -tt 



K ' ' ' K V K'^ 
The relation ()2.14p it folows using (|2.12p and (I2.13p . Indeed, we have 

{VxP)Y = V x{PY) - P{V xY) 

= ^x{y -C{Y)^C*^-VxY + ^C{VxY)C* 

= -X{Q{Y))^C* -aY)]^PX + ^C{^xY)C* 
= -[X{Q{Y))-C{VxY)]^C*-aY)]^PX 
= [G{PX, PY)C* + KC{Y)PX] . 



Now, in similar manner with |7j, we obtain: 



□ 



Theorem 2.2. Let (M,K) be an n- dimensional Cartan space and Fy, Fc* and ^ he a 
leaf of Fy, a leaf of Fc* that lies in Fy, and an integral curve of ^C* , respectively. Then 
we have the following assertions: 

i) J is a geodesic of Fy with respect to V. 

ii) Fc* is totally umbilical immersed in Fy. 

Hi) Fc* lies in the indicatrix Ia(M, K) = {p G T*Mq : K{a,p) = 1} of {M,K) and has 
constant mean curvature equal to —1. 
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Theorem 2.3. Let {M,K) be an n- dimensional Cartan space and Fy he a leaf of the 
vertical foliation Ty . Then the sectional curvature of any nondegenerate plane section on 
Fy containing the vertical Liouville- Hamilton vector field is equal to zero. 

Corollary 2.1. Let (M,K) be an n- dimensional Cartan space. Then there exist no leaves 
of Ty which are positively or negatively curved. 



3 An adapted basis in T{T*Mq) and cohomology of the c- 
indicatrix cotangent bundle 

In this section, using the vertical Liouville-Hamilton vector field C* and the natural 
almost complex structure J on T*Mq, we give an adapted basis in T{T*Mq). Next we 
prove that the c-indicatrix cotangent bundle I{M,K){c) of {M,K) is a C-R-submanifold 
of the almost Kahlerian manifold {T*Mq, G, J) and we study some comological properties 
of L{M, K){c) in relation with classical cohomology of Ci?-submanifolds, |13j . 



3.1 An adapted basis in T{T*Mq) 

As we already saw, the vertical bundle V{T*Mq) is locally spanned by |^| , i = 1, • • • , n 
and it admits decomposition 

V{T*Mq) = Cc'®{C*}. (3.1) 

In the sequel, following [T7j, we give another basis on V{T*Mq), adapted to Fc*, and 
next we extend this basis to an adapted basis in T{T*M^), by the same reasons as in [5], 

We consider the following vertical vector fields: 

^ = ^-PC*,j = l,...,n, (3.2) 
dpj dpj 

where functions P are defined by the conditions 

g(^^,C*) =0,Vj = l,...,n. (3.3) 
The above conditions become 

so, taking into account also (jl.lOp and ()2.ip . we obtain the local expression of functions 
P in a local chart {U, {x^ ,pi)): 



8 



If (U, {x\pi)) is another local chart on T*Mq, hi U CiU 7^ 0, then we have: 

~ki 



p _ Pi9 



1 dx^ dx^ dx^ dx^ 



J^2 J^2 Qrj.1 Q^l Q^h ^ Qrji-l 

So, we obtain the following changing rule for the vector fields 

d dx^ d ^ 
^ = TTk^^ V^ = l,...,n. 

dpi dx" dpk 

By a straightforward calculation, using ()1.7p . it results: 

Proposition 3.1. The functions {t-'}, j = 1, . . . , n defined by (j3.4p are satisfying: 



:9 



(3.5) 



Pit = 1 , pi=- = 0, — 
dpi dpj 



-2fP + y,C*P = -t^,yi,j = l,...,n. 



Proposition 3.2. The following relations hold: 



d_ _d_ 
dpi dpj 



,; d ,: d 

t'= 1^^, 

dpj dpi 



dpi 



d_ 

dpi 



(3.6) 



(3.7) 



for all i,j = 1, . . . , n. 



By conditions (|3.3p , the vector fields | ^ , • • • , 1 are orthogonal to C* , so they be- 
long to the (n — l)-dimensional distribution Cc- It results that they are linear dependent 
and, from the first relation of ()3.6p . we have 



d 



Pa d 



dpn Pn dpa 

since the local coordinate pn is nonzero everywhere. 
We also have 

Proposition 3.3. The system 



(3.8) 



vertical vector fields is a locally 



adapted basis to the vertical Liouville foliation Tc* , on V{T*Mq). 
Thus, we can denote 

=— = £;," — , a = l,...,n-l, 

dpa dpi 

where rank Ef = n — 1 and Efpjg^^ = 0. 

Now, using the natural almost complex structure J on T{T*Mq), the new local vector 
field frame in T{T*Mo) is 



OPa 



(3.9) 



where 
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C = J (C*) =p^—,X=J^ = E^g^^ — . 



6x 



d 



dpa 



5x^ 
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Remark 3.1. In some future calculations we shall replace the local basis i ^ = 

1, . . . ,n — 1 by the system i ^ = 1, . . . , n taking into account relation ()3.8p for some 

easier calculations. 

3.2 Cohomology of c-indicatrix cotangent bundle 

Since the vertical Liouville-Hamilton vector field C* is orthogonal to the level hypersur- 
faces of the fundamental function K, the vector fields are tangent to these 

hypersurfaces in TM^, so they generate the distribution {C*}"*" which is the orthogonal 
complement of {C*} in T{T*Mq). The vertical indicatrix distribution Cc* is locally gen- 
erated by < >, a = l,...,n — 1, and the vertical foliation has the structural bundle 

locally generated by | C*| , a = 1, . . . , n — 1. 

Also, if we consider the line distribution {£,*} spanned by the horizontal Liouville- 
Hamilton vector field ^* and its complement in H{T*Mq) denoted by C^*, then it is easy 
to see that C^* is locally spanned by the vector fields {X }, a = l,...,n — 1, and we 
have the decomposition 

{C*}^ = {C}(BjC^*(BCc*. (3.10) 
For any c > 0, we consider now the c-indicatrix cotangent bundle over M, given by 

I{M,K){c) = U UM,K){c) , UM,K){c) = {p e T*Mo : K{x,p) = c}. 

According to ^[S], if {N,g, J) is an (almost) Kahler manifold, where g is the Rieman- 
nian metric and J is the (almost) complex structure on A'^, then A^ is a C R-submanifold 
of N if N admits two complementary orthogonal distributions V and P"*- such that 

i) V is J-invariant, i.e., J(T)) C V; 

ii) is J-anti-invariant, i.e., J {V^) C (TN)-^. 

T> is called maximal complex (holomorphic) distribution of A^ and T)^ is called totally real 
distribution of A^. 
We have 

Proposition 3.4. Let i : I{M,K){c) ^ T*Mq he the imersion of I{M,K){c) in T*Mo. 
Then I{AI, K){c) is a C R-submanifold ofT*MQ with holomorphic distribution given by 
T> = C^t Cc* and the totally real distribution given by = {£,*}■ 

Proof. We have that {C*}^ = {i*} C^* Cc is the tangent bundle of I{M,K){c). 
Taking into account the behaviour of the almost complex structure J of (T*Mq,G) we 
have 

J(£e ©-CcO C Cc'(BjC^' = C^*(BCc , Jim) C {C*} = ({C*}^)^ 
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which end's the proof. □ 

It is well known, see [121 US], that the totally real subbundle of a Ci?-submanifold of an 
(almost) Kahler manifold is integrable and its maximal complex (holomorphic) subbundle 
is minimal. Then we obtain again 

Proposition 3.5. The distribution {^*} is integrable. 

and 

Proposition 3.6. The distribution C^* © Cc* is minimal. 

We consider now {ui, . . . , a;„,_i} the dual frame of the vector fields l^^^^; • • • i ^| 

and {^1, . . . , On^i} the dual frame of the vector fields \ . . . , ^-^ — \. Then the general 

theory for cohomology of C-R-submanifolds of an (almost) Kahler manifolds, |13j . leads 
to 

Theorem 3.1. The differential form 

U = iOi A . . . A OJn-l A 6*1 A ... A 6n-l 

is closed and it defines a cohomology class 

M GF2"~2(/(M,ir)(c)). (3.11) 

Definition 3.1. The cohomology class [u] is called the canonical class of the c-indicatrix 
cotangent bundle I{M, K){c) of a Cartan space {M,K). 

Remark 3.2. The form v which defines the canonical class can be expressed in the form 

^ = 7 TTT ^ ^) 

(n — 1)! 

where is the fundamental form given in ()1.12p . 

Since I{M, K){c) is compact when M is compact, acording to |13j we have 

Corollary 3.1. // the cohomology groups H^^{I{M, K){c)) = for some k < n then 
either holomorphic distribution C^* © Cc* is not integrable or its totally real distribution 
{(,*} is not minimal. 

4 Some linear connections on a Cartan space 

In this section, following some ideas from [8], we investigate the existence of some linear 
connections on a Cartan space, related with the vertical and Liouville-Hamilton foliations 
on it. 
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4.1 The Vranceanu connection on (r*Mo, G, J-y) 

First of all we have to remark that on a Cartan space (M, K) there exists the canonical 
metrical A^-linear connection, [23]: Cr(A^) = (i7j^,C/'^). Its local coefficients, with 
respect to adapted basis {6i = -^,di = are 

= la"' {5j9sk + hgjs - Ssgjk) , (4.1) 

and Cj^ = QisC^^^ . According to general discussion about the Vranceanu connection on 
a foliated semi-Riemannian manifold from [8] (section 3.1), see also [10], we obtain in the 
case of the cotangent bundle of a Cartan space {M^K), endowed with the metric (jl.lOp 
and with vertical foliation, {T*Mq,G,J-v)^ the following expression for the Vranceanu 
connection V: 

Va,5i = Vl''5k, Vs^6i = Ftj6k. 

The local coefficients of the Vranceanu connection with respect to adapted basis {5i, di}, 
are given by: 

D), = -d'N,k, l':'=0, FI^ = H^. (4.2) 

The only nonzero local components of the torsion tensor field T of the Vranceanu con- 
nection are 

f{6i,dj) = fijkd'' = {6jN,k - 6jNjk)d\ 
Hence, it results the following: 

Proposition 4.1. The Vranceanu connection V on {T* Mq,G,J-v ) is torsion-free if and 
only if the canonical nonlinear connection N is integrable. 

Remark 4.1. In [8] (Remark 1.1, p. 99) it is mentioned that the Vranceanu connection on 
a foliated manifold is exactly the Vaisman connection (or second connection) on that man- 
ifold. Related to Vaisman connection there is the notion of Reinhart space. A Riemannian 
foliated manifold (M, g, F) is called a Reinhart space iff 

{Vxg){Y,Z) =0, VX G T{TF),Y,Ze T{T^F). 

Proposition 4.2. Let {M,K) be a Cartan space. The foliated manifold {T*Mq,G,J-v) 
is a Reinhart space if and only if the metric g = (g^^) is Riemannian on M. 

Proof. Since S/gj6i = 0, we have 

iV9,G)i5i,5j) = d'gij, 

which vanishes iff gij does not depends by the momenta pk, for all indices i,j,k. It 
follows that the condition {VxG){Y,Z) =0, VX G r{V{T* Mo)),Y, Z G r{H{T*Mo)) 
is equivalent to g^^ = g^^{x), so it is a Riemannian metric on M. □ 
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4.2 The Vaisman connection on V{T*Mo) 



Taking into account the decomposition and the adapted basis to this decomposi- 

tion, we shall construct an anlogous of the Vaisman connection on a Riemannian fohated 
manifold with respect to vertical Hamilton-Liouville foliation Cc*- 

Let (M, g) be a Riemannian foliated manifold, with D', D, the structural and transver- 
sal distributions, respectively. The Vaisman connection on M is a connection V on TM 
uniquely defined by the following conditions, |25j : 

a) If y € D' (respectively E D), then V^y G D' (respectively G D), for every vector 



b) v{T^{X,Y)) = 0, (respectively h{T'"{X,Y)) = 0) if at least one of the arguments 
is in D', respectively in D, where v, h are the projection morphisms of TM on D' and D, 
respectively. 

c) The induced connections on D' and D are metric connections. 

We return now to the Cartan space (M, K), with metric G on T*M given by (jl.lOp . 
Let V : V{T*Mo) Cc*, h : V{T*Mo) {C*} be the projection morphisms. We are 
looking for a connection on V{T*Mo) with the same properties as the Vaisman connection: 

a) If y E Cc* (respectively G {C*}), then V^y G Cc* (respectively G {C*}), for 
every vertical vector field X. 

b) v{T'"{X,Y)) = 0, (respectively h{T'"{X,Y)) = 0) if at least one of the arguments 
is in Cc*, respectively in {C*}, where T'" is the torsion of the connection V". 

c) For every X,Y,Y' G Cc* (respectively G {G*}), 



d) Moreover, we need to give V^y for every X G H{T*Mq) and we put the above a), b) 
conditions also for X an horizontal vector field. 

In the following the indices take the values i,j,... = l,n and a,b,..., = l,?i — 1. We 
request the above conditions on the adapted basis 



on V{T*AIq). The Riemannian metric induced by G on V{T*Mq) has the matrix 



field X. 



{y\G){Y,Y') = ^. 



(4.3) 




(4.4) 




(4.5) 




V\d'' = sfd\ Vl,d'' = sld% W^aG* = s^G*, Vl„G* = sG* 



(4.6) 
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Taking into account Proposition 3.2, we compute 

T^'id^d^) = {sf - s\^)d' - ft + t^d" G £c7*, (4.7) 
and by condition b) it results 

sf = s\-, ^c + aX st = sf^t\ (4.8) 

for all a, 6, c = 1, n — 1. 
We also have 

T''(F, c*) = s'^c* - sid^ - a" = 0, 

hence 

^^^ = 0, s^ = 0, V6/a, s^ = -l, Va = 1. (4.9) 

Now we have 

V|aC7* = 0; = -5", Va = l,n- 1. (4.10) 

By conditions c), (V^.G)(C*, C*) = implies C7*(K2) = 2sK'^ and so s = 1, since 
C*(K2) ^ p^^^^p.p^gjk^^ = 2K^, by dTZI). Also by {V^aG)(d\d^) = we have 

d\G(d\d'')) - G{v^ad\d^) - Giv^ad^t) = o, 

for all a,b,c = l,n — 1 and d°^{G{d^ , d'^)) = d'^{g^^) — t'^h^"' + f^/i'^'', where h'^'^ are given by 
()4.5p . Using the same method while we determined the Christoffel's symbols, we obtain: 

2s^ih'^^ = T{g^^)-2t^h^''. (4.11) 

Let {hij)nxn be the inverse of the matrix h from (j4.5p . Finally, we have 

= ^/idc5"(/^), Vd/a, 4« = i/^,,a"(/^)-^^ (4.12) 
The conditions d) give us: 

/3, = 0, /3p' = 9"(iV,,)c>'\ (4.13) 

Proposition 4.3. T/ie /oca/ coefficients of the connection V*" on V{T*Mq) defined by the 
conditions a), b), c), d) above described are given with respect to the adapted basis (|4.4|) 
by the relations gi]), and V^,C* = C* . 

Remark 4.2. The Vranceanu connection V satisfies 

so by ()4.10p . the restriction of the Vranceanu connection to the vertical bundle V{T*M) 
is diferent by the Vaisman connection above determined. 
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Now, for every fixed point xq G M, the leaf T*^M of the vertical foliation is also 
a Riemannian manifold, foliated by Cc* ■ The Riemannian metric is 

_ / (/l"^(a;o,p))„-lxn-l On-lxl 

The connection V" is exactly the Vaisman connection on {T*^M,hxQ, Cc*) and we have: 
Proposition 4.4. For every fixed point xq G M, (T*^M, hx^^Cc*) is a Reinhart space. 
Proof. Indeed, we can calculate 

dpa 

for every a = 1, . . . , n — 1. □ 



(V|aG)(C7*, C7*) = d''{K'^) - 2G{S/^aC*,C*) = d^iK^) = ^ - fC^K^) = 0, 



5 Subfoliations in the cotangent manifold of a Cartan space 

In this section, fohowing [15], we briefly recall the notion of a {qi, (72)-codimensional sub- 
foliation on a manifold and we identify a (n, 2n— l)-codimensional subfoliation [Fy^Fc*) 
on the cotangent manifold T*Mq of a Cartan space (M, K), where Fy is the vertical foli- 
ation and Fc* is the line foliation spanned by the vertical Liouville-Hamilton vector field 
C* . Firstly we make a general approach about basic connections on the normal bundles 
related to this subfoliation and next a triple of adapted basic connections with respect to 
this subfoliation is given. 

Definition 5.1. Let M be a n-dimensional manifold and TM its tangent bundle. A 
{qi,q2)-codimensional subfoliation on M is a couple (Fi,F2) of integrable subbundles 
of TM of dimension n — q^, k = 1,2 and F2 being at the same time a subbundle of Fi . 

For a subfoliation (i^i,i<2), its normal bundle is defined as Q{Fi,F2) = QF21 © QFi, 
where QF21 is the quotient bundle F1/F2 and QFi is the usual normal bundle of Fi. So, 
an exact sequence of vector bundles 

QF21 A QF2 -^QFi^O (5.1) 

appears in a canonical way. 

Also if we consider the canonical exact sequence associated to the foliation given by 
an integrable subbundle F, namely 

— > F ^ TM ^QF — ^ 

then we recall that a connection V : T{TM) x T{QF) — )> T{QF) on the normal bundle 
QF is said to be basic if 

VxY = 'Kf[X,Y] (5.2) 
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for any X G T{F), Y G T{TM) such that TrpiY) = Y. 

Similarly, for a (gri, q'2)-subfoliation (^1,^2) we can consider the following exact se- 
quence of vector bundles 

^ F2 A Fi ^ QF21 (5.3) 

and according to [15] a connection V on QF21 is said to be basic with respect to the 
subfoliation (^1,^2) if 

VxY = 7ro[X,Y] (5.4) 
for any X E r(F2) and Y G r(Fi) such that 7ro(Y) = Y. 

5.1 A {n,2n— l)-codimensional subfoliation {Tv,J^c*) of {T*Mq,G) 

Taking into account the discussion from the previous section, for a n-dimensional Cartan 
space {M,K), we have on the 2n-dimensional cotangent manifold T*Mq a (n, 2n — 1)- 
codimensional foliation [Ty^J^c*)- We also notice that the metric structure G on T*Mq 
given by (|l.lUp is compatible with the subfoliated structure, that is 

QTv = H{T*Mo), QTc* ^ {C*}^, V{T*Mo)/{C*} ^ Cc*. 

Let us consider the following exact sequences associated to the subfoliation (Ty , J^c* ) 

{C*} ^ V{T*Mo) ^ Cc* 0, 
and to foliations Ty and Tc* , respectively 

— > V{T*Mo) T{T*Mo) ^ H{T*Mo) — > 0, 

{C*} ^ T{T*Mo) ^ {C*}^ — y 0, 

where io, 11,12, 7ro,vri,7r2 are the canonical inclusions and projections, respectively. 

A triple (V^, V^, V) of basic connections on normal bundles Cc*i H(T*Mq), {C*}-*-, 
respectively, is called in [15] adapted to the subfoliation {Tv,J^c*)- 

Our goal is to determine such a triple of connections, adapted to this subfoliation. 

By ()5.4p a connection on Cc* is basic with respect to the subfoliation {Tv,J^c*) if 

v^z = 7To[x, z], yx G r({c*}), vz e r{v{T*Mo)), Mz) = z. (5.5) 

Proposition 5.1. A connection on Cc* is basic if and only if 

vh^z = [c*,z],yz £T{Cc*). 
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Proof. Let : V{T*Mo)xCc* ^ Cc* be a connection on Cc* such that V^.Z = [C*, Z]. 
Let X € r({C*}) be a section in the structural bundle of a the line foliation J-c*^ so its 
form is X = aC*, with a a differentiable function on T*Mq. An arbitrary vertical vector 
field Z which projects into Z € Cc* is in the form 

Z = Z + hC* 

with h a differentiable function on T*Mq. 
We have 

= [aC\Z + hC*] 

= a[C*, Z\ + {aC\h) - hC\a) - Z{a))C*. 
According to the second relation from (|3.7|) for any Z = Z^ S V {Cc* ) , we have 

[C\Z\ = {C*(Zi)-Z0 eT{Cc*), 

so 7ro[X, Z] =a[C\Z]. We also have V^Z = aV^*Z = a[C*, Z] = 7ro[X, Z], hence is 
a basic connection on /Ic"* . 

Conversely, by the second relation from (|3.7p . in the adapted basis m 
V{T*Mq), every basic connection on Cc* is locally satisfying 

V^*a^ = -V, (5.6) 

for any i = 1, . . . , n, where we have used the Remark 13. 1[ 
Now, if ()5.6p is satsfied, then 

V^.Z = C*{Zi)d' + ZiV^.5^ = C*(Zi)5^ - Z,^. 
Hence the condition ()5.6p is equivalent with Vj;, Z = [C*, Z], VZ G F 1^ 

Moreover, by relation (|3.5p . it follows that condition (|5.6p has geometrical meaning. 
We obtain the locally characterisation: 

Proposition 5.2. A connection on Cc* is basic if and only if in an adapted local 
chart the relation ()5.6p holds. 

Now, by (|5.2p . a connection on H(T*Mq) is basic with respect to the vertical 
foliation Ty if 

V^y = 7ri[X,y] (5.7) 
for any X G r(y(r*Mo)) and f G T(T{T*Mo)) such that 7ri(y) = Y. 
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Proposition 5.3. A connection on H{T*Mq) is basic if and only if in an adapted 
local frame {(5j,9*} on T{T*Mq) we have 



V%5i = 



for any i,j = l,...,n. 



Proof. Obviously, the above condition has geometrical meaning since if {U , {x^'^ , pi-^)) is 
another local chart on T*Mq, in J7 n C/ 7^ 0, we have 

6 5x* S d dx^^ d 



(5x''i Sx"^ dpj^ dxi dpj 

If is a basic connection with respect to the vertical foliation, then by definition it 
results 



TTi [6i,d^] = VTi ^- 



V%6, = 7T, \6,.,d^ =vri =0. 



dpj 

Conversely, let : T{T*Mo) x H{T*Mq) H{T*Mq) be a connection on H{T*Mo) 
which locally satisfies 

vlA = 

for any i, j = 1, . . . , n. 

An arbitrary vertical vector field X has local expression X = Xid^ and a vector field 
Y whose horizontal projection is 1" = Y^5i is by the form Y = Y + Yj"d^. 

We calculate 

dpi 



V'^Y = X,V%(y^6A=X,-^6j, 



X,Y 



hence the relation (j5.7p is verified, since [5*,(5j] € r(F(T*Mo)). So, is a basic con- 
nection with respect to the vertical foliation J^y CD 

Also, by (|5.2|) . a connection V on {C*}^ is basic with respect to the line foliation Tq* 

if 

VxY = 7r2[X,Y] (5.8) 

for any X e r{{C*}) and Y G r(r(r*Mo)) such that 7r2{Y) = Y. 

We have the following locally characterisation of a basic connection on {C*}"*": 

Proposition 5.4. A connection V on {C*}-*- is basic with respect to the line foliation 
J~C* if and only if in an adapted local frame on {C*}-*" we have 

Vc'6i = 0, Vc'd' = -d\ (5.9) 

for any i = 1, . . . ,n. 
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Proof. Let V be a basic connection on {C*}^. Since {C*}-*- is locally generated by 
I (54,5*1, the condition (|5.8|) give us the following relations: 

Vc*Si = 7T2 [C*, Si + fC*] = 7T2 {{-Nji + C*{Nji))d^ + C*{f)C*) = 0, 

since C*{Nji) = Nji, by the homogeneity of degree 1 in mementa of functions Nji, see 
[23] , and 

= TTs \c*,d^ + fC*] = 712 (-0' + C*{f)C*) = -d". 



Conversely, let us consider V : T{T*Mq) x {C*}-*- {C*}-*- be a connection on {C*}-*- 
which locally satisfies (|5.9p . 

An arbitrary vector field Y ^ T ({C*}^) is locally given by y = Y^5i + 1^9* and a 
vector field Y G T{T{T* Mq)) which projects by 7r2 in y is y = fC* + Y . For an arbitrary 
vector field X = aC* G r({C*}), we calculate 

"s^xY = Vac*{Yldi + Y;d') 

= aC*{Yji)Si + aYjyc'^i + aC*{Y^0 + aYiVc*'^ 
= aC*{Yl)5i + a{C*{Y.i)-Yi0, 

and 

t:2[X,Y] = T,2{aC*{f)C* - fC*{a)C* +aC*{Yi)5i + aYl[C*,5i]) 

+7:2 (a{C*{Yi) - Yi)d' - Y^6iC* - Y,^C' 
V opi 

= aC*{Y^)6i + a{C*(Yi) - Y0 , 
since [C*,(5i] = 0. Thus, we have obtained that the connection V is a basic one. □ 

5.2 A triple of adapted basic connections to subfoliation (J^y, Jx**) 

The restriction of Vranceanu connection introduced in subsection 4.1, to T{T*Mq) x 
H{T*Mq), is a connection on H(T*Mq) denoted by Vi, which satisfies the conditions 
from Proposition 15.31 (see relations (j4.2p ). so it is a basic connection on H(T*Mq) with 
respect to vertical foliation J-y. 

The Vaisman connection from subsection 4.2 induces a connection on Cc*, which sat- 
isfies the conditions from Proposition [521 (see relations (|4.1U|) ). so it is a basic connection 
on Cc* with respect to Liouville vertical foliation Tc* ■ 

Hence we have the basic connection Vi on H{T*Mq) and the basic connection on 
Cc*- Following |15] . we can build now a connection on {C*}^ as follows: 

V : T{T*Mq) X {C*}^ {C*}^ , VxZ = VixZ^ + V\Z' 
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for any Z = Z^' + Z' [{C*}^) = T {H{T*Mq)) ® T {Cc) and X G T{T{T*Mq)). 
By direct calculus we have 

so the connection V satisfies conditions from Proposition l5.4l hence it is a basic connection 
on {C*}^. 

Now, for the {n,2n — l)-codimensional subfoliation (JVi-^C*) we can consider the 
exact sequence ()5.ip . namely 

O^Cc* ^ {C*}^ ^ H{T*Mo) 

and the general theory of (gi, (72)-codimensional foliations, see |15] . leads to the following 
results: 

Proposition 5.5. For the triple basic connections (V",V^jV) on Cc* > H{T*Mq) and 
{C*}"*", respectively, we have 

i {V\Y) = Vxi{Y) , TT (yxZ) = Vixvr(Z) , e T {Cc*) , Z eF ({C*}^) . 

Proposition 5.6. The triple of basic connections (V^,V]^,V) is adapted to the subfolia- 
tion {Fv,Tc*) of{T*Mo,G). 

Remark 5.1. We notice that the connection V = V" © Vi is a basic connection on 
Q{Fv,Fc*) = l^c* © H{T*Mo) = {C*}-^ and its curvature K satisfy 

K{x,Y) = 0, yx,Y er{{c*}). (5.10) 
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